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The long-time maintenance of quantum coherence is crucial for its practical applications. We explore deco-
herence process of a multiqubit system passing through a correlated channel (phase flip, bit flip, bit-phase flip,
and depolarizing). The results show that the decay of coherence was evidently delayed when the consecutive ac-
tions of the channel on the sequence of qubits has some classical correlations. In particular, the relative entropy
of coherence for a system with large number of qubits is more robust than that with small number of qubits. We
also provide an explanation for the delayed decoherence by exploring the interplay between the change of the
unlocalized quantum coherence and the total correlation gain of the multiqubit system.
PACS numbers: 03.67.Mn, 03.65.Ta, 03.65.Yz
I. INTRODUCTION
Quantum coherence originates from the superposition prin-
ciple of states. It captures an essential nature of quantum sys-
tems which is different from the classical coherence phenom-
ena [1]. Due to this nature, quantum coherence attracted wide
interests of researchers [2, 3]. One of such interest is to seek
general conditions under which this genuine quantum prop-
erty can be sustained for a system subject to typical sources of
noise. The reasons for such an interest is that quantum coher-
ence can be exploited as a resource for many quantum infor-
mation and communication tasks [4]. Recent studies also pro-
vide evidence that the long-lived quantum coherence is crucial
for defeating the classical limits of measurement accuracy in
quantummetrology [5–7] and for enhancing certain biological
processes [8]. But in practice, the unavoidable interaction of a
principal system with its surroundings results in decoherence
in most situations. As a consequence, the advantage of quan-
tum coherence to empower the performance of quantum tasks
will disappear in a very short time interval, and this remains
one of the major obstacles for its wide applications.
Due to the above reasons, making clear decoherence mech-
anism of a principal system in the presence of typical noises
becomes one of the major goals for accomplishing new quan-
tum technologies. In 2014, Baumgratz et al. [9] introduced a
rigorous framework for quantifying coherence and defined the
l1 norm of coherence and relative entropy of coherence. Sub-
sequently, many other faithful coherencemeasures such as the
entanglement-based coherence measures [10], the robustness
of coherence [6, 11], and the convex roof measures of coher-
ence [12–14], have also been introduced. All these paved the
way for a quantitative analysis of the decoherence process of
a system coupled to its surrounding environments or under the
action of specific quantum channels.
Based on the measures of coherence, much endeavors have
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been devoted to clarifying decoherencemechanism of an open
quantum system. The attempts to achieve this goal were car-
ried out mainly along two different but closely related direc-
tions. The first one is aimed at explaining role of active quan-
tum operations on coherence of a state [15–19], the cohering
and decohering power of specific quantum channels [20–25],
the coherence-breaking channels [26], and the non-coherence-
generating channels [27]. There are also some works concen-
trating on the steered coherence at one party of a bipartite state
by local operations on its another party [28–31]. The second
direction is focused on exploring coherent properties of a prin-
cipal system coupled to environment. Along this direction, the
frozen phenomenon of coherence [32–35] and the factoriza-
tion relation for coherence evolution [36] have been observed.
Several theoretical studies focused on suppressing the unde-
sirable decay of coherence [37–39] or generating steady-state
coherence [40, 41] have also been performed.
While the above works studied only the case for which the
channel acts identically and independently on the sequence of
qubits passing through it, the effects of correlations on consec-
utive applications of the channel on coherence of these qubits
is usually neglected. But this is indeed a very realistic problem
which should be taken into account in experiments. For ex-
ample, when N qubits traverse a channel, apart from the very
special case for which the time interval between its successive
applications on the qubits is infinitely small, the channel will
has partial memory about its past history and the uncorrelated
channel model will not be applicable [42]. Especially, the cor-
related applications of the channel and the temporal correla-
tions in the evolution process of each qubit may together affect
decoherence process of a multiqubit system.
In this paper, we make a step toward the above problem. We
consider a model with classical correlations between consec-
utive applications of a channel [43], and examine how the co-
herence of a multiqubit state changes when one varies correla-
tion strength of the channel. This can help to confirm potential
role of the classical correlation of a correlated channel on sup-
pressing decoherence. We also explore interplay between the
extra correlations created by the channel and change of unlo-
calized quantum coherence for the principal system, aimed at
2providing an explanation for the delayed decoherence. As any
physical process (time evolution, quantum operation, etc.) can
be represented as a channel transforming the input states into
output ones, the decohering channel model considered here is
rather general, and the obtained results are hoped to shed some
light on understanding decoherence process of a multipartite
system immersed in real environments.
II. PRELIMINARIES
We start by collecting some preliminaries that we employ in
this paper. For the purpose of providing a comparative study,
we use two different coherence measures. The first one is the
l1 norm of coherence defined as [9]
Cl1(ρ) = min
δ∈I
‖ρ − δ‖l1 =
∑
i, j
|〈i|ρ| j〉|, (1)
where I denotes the set of incoherent states which are diago-
nal in the prefixed reference basis {|i〉}.
The second measure we adopt is the relative entropy of co-
herence given by [9]
Cr(ρ) = min
δ∈I
S (ρ‖δ) = S (∆(ρ)) − S (ρ), (2)
with ∆(ρ) =
∑
i〈i|ρ|i〉|i〉〈i| denoting the full dephasing of ρ in
the basis {|i〉}, and S (·) is the von Neumann entropy.
Next, we recall the model characterizing correlated channel
that we intend to adopt [43]. It provides a propermathematical
tool apt to describe classical correlations between consecutive
applications of the channel on a sequence of quantum systems
[42]. For a single-qubit state ρ0, the common action of a chan-
nel E on it can be described by a random rotation of it. That is,
ρ =
∑3
i=0 Eiρ0E
†
i
, where the Kraus operators Ei =
√
piσi, with
σ0 = 1 being the identity operator,σ1,2,3 being the Pauli oper-
ators, and pi constitute a probability distribution. Similarly, if
ρ0 is a N-qubit state and E acts identically and independently
on each of the qubit, the output state will be given by
ρ =
∑
i1i2···iN
Ei1i2···iNρ0E
†
i1i2···iN , (3)
where Ei1i2···iN =
√
pi1i2···iNσi1 ⊗ σi2 ⊗ · · · ⊗ σiN , and pi1i2···iN =
pi1 pi2 · · · piN represents the joint probability that a random se-
quence of Pauli rotations around the i1 · · · iN axes is applied to
the sequence of N qubits traversing the channel.
Apart from the above case, one may encounters the case for
which there are classical correlations on consecutive applica-
tions of the channel, and this may modify the way it acts on an
input state. To be explicit, the action of the channel on a qubit
may affects probability of its action on the subsequent qubits
[42]. Macchiavello and Palma [43] proposed such a model,
for which the joint probability is given by
pi1i2···iN = pi1 pi2 |i1 · · · piN |iN−1 , (4)
with pin |in−1 = (1−µ)pin+µδinin−1 . Here, µ ∈ [0, 1] is a parameter
which can be interpreted as the probability that the same Pauli
transformation is applied to the qubits in−1 and in. For µ = 0,
this model describes independent applications of the channel,
while for µ = 1, the applications of the channel turn to be fully
correlated [43].
In this paper, we focus our attention on the bit flip, bit-phase
flip, phase flip, and depolarizing channels, which belong to the
class of Pauli channels described by Eq. (3). The nonzero ele-
ments of {pi} for the former three channels can be represented
by p0 = 1 − p and pi = p (with i = 1, 2, and 3, respectively),
while those for the last one are represented by p0 = 1 − p and
p1,2,3 = p/3 [42–44].
III. QUANTUM COHERENCE IN CORRELATED
QUANTUM CHANNELS
We take the maximally coherent state |ΨN〉 = |Ψ1〉⊗N as the
input of the channel, where |Ψ1〉 = (|0〉+ |1〉)/
√
2. Due to pos-
sible memory effects arising dynamically during the evolution
of each qubit and the memory effects induced by correlated
actions of the channel [44], rich phenomena of decoherence
process may be observed. For the purpose of comparing de-
coherence rate of the system with different number of qubits,
we use in the following the normalized version of coherence
C˜α(ρ) =
Cα(ρ)
Cα(|ΨN〉)
, (5)
with α = {l1, re}, Cl1 (|ΨN〉) = 2N − 1, and Cre(|ΨN〉) = N.
A. Phase flip channel
First, we consider the l1 norm of coherence. For the uncor-
related and fully correlated phase flip channels, we have
C˜l1 (ρ) =

∑N
n=1 α
(N)
n |1 − 2p|n
2N − 1 for µ = 0,
2N−1(1 + |1 − 2p|) − 1
2N − 1 for µ = 1,
(6)
where the coefficients α
(N)
1
= N, α
(N)
N
= 1, and α
(N)
n = α
(N−1)
n−1 +
α
(N−1)
n for n ∈ [2, N − 1].
Based on Eq. (6), one can see that C˜l1(ρ) is symmetric with
respect to p = 0.5. For both the cases p = 0 and 1, C˜l1(ρ) = 1,
while for p = 0.5, C˜l1 (ρ) takes its minimum which is zero for
µ = 0 and finite for µ = 1. In the region of p 6 0.5, C˜l1 (ρ) de-
creases with the increasing p. Moreover, for the uncorrelated
channel (µ = 0) with p , {0, 1}, C˜l1 (ρ) decreases with the in-
creasing number N of qubits and vanishes when N → ∞. See,
e.g., the dashed line displayed in Fig. 1(a). For the fully cor-
related channel (µ = 1), however, C˜l1 (ρ) turns to be increased
from |1−2p| to (1+ |1−2p|)/2when N increases from 1 to∞.
In particular, from Fig. 1(d) one can observe that the lines of
C˜l1(ρ) with N = 7 and N → ∞ are already nearly overlapped.
This indicates that the fully correlated actions of the phase flip
channel can significantly enhance the l1 norm of coherence in
the whole time evolution process.
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FIG. 1: The p dependence of C˜l1 (ρ) for the input state |ΨN〉 and the
correlated phase flip channel with (a) µ = 0, (b) µ = 0.4, (c) µ = 0.8,
and (d) µ = 1. The solid black, red, blue, green, orange, and purple
lines correspond to N = 2, 3, 4, 5, 6, and 7, respectively. The dashed
lines in (a) and (d) correspond to N = 100 and N → ∞, respectively.
For the intermediate value µ = 0.5 and p 6 0.5 [for p > 0.5,
C˜l1 (ρ) can be obtained by substituting p with 1− p], we obtain
C˜l1(ρ) =
∑N+1
n=1 (−1)n−1β(N)n pn−1
2N − 1 , (7)
with β
(N)
1
= 2N − 1, β(N)
2
= 2N−1(N + 1), and β(N)n = 2β
(N−1)
n +
β
(N−1)
n−1 for n ∈ [3, N + 1]. For any fixed N, C˜l1(ρ) decreases
monotonically when p increases from 0 to 0.5, and apart from
p = {0, 1}, C˜l1 (ρ) → 0 when the qubit number N → ∞. For
general values of µ, we performed numerical calculation. The
results show that the dependence of C˜l1(ρ) on p is qualitatively
the same to that of µ = 0.5. For fixed p, C˜l1 (ρ) decreases with
the increasing N for relative small µ, see Fig. 1(b). But as can
be seen from Fig. 1(c), C˜l1 (ρ) may does not always behave as
a monotonic function of N for relative large µ.
From the above analysis one can see that correlated actions
of the phase flip channel is beneficial for long-time preserva-
tion of the l1 norm of coherence. We have performed numer-
ical calculations with different p, and found that for the input
state |ΨN〉, C˜l1 (ρ) always behaves as a monotonic increasing
function of µ. For p = 0.5, we managed to obtain its analyti-
cal solution as
C˜l1(ρ) =
1
2N − 1
N−1∑
n=1
η(N)n µ
n, (8)
where η
(N)
1
= N − 1, η(N)
N−1 = 1, and η
(N)
n = η
(N−1)
n−1 + η
(N−1)
n for
n ∈ [2, N − 2]. By using this equation, one can confirm again
that C˜l1 (ρ) is a monotonic increasing function of µ. That is, the
l1 norm of coherence can be enhanced by introducing classical
correlation to this channel. But apart from the special case µ =
1 for which C˜l1(ρ) always takes a finite value, the enhancement
will becomes smaller and smaller with the increasing number
N of qubits, and C˜l1 (ρ) → 0 when N → ∞. Further numerical
calculation shows that the similar phenomena also happen for
general values of p , {0, 1}.
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FIG. 2: The p dependence of C˜re(ρ) for the input state |ΨN〉 and the
correlated phase flip channel with (a) µ = 0, (b) µ = 0.4, (c) µ = 0.8,
and (d) µ = 1. The solid black, red, blue, green, orange, and purple
lines correspond to N = 2, 3, 4, 5, 6, and 7, respectively.
Next, we turn to consider the relative entropy of coherence.
For the uncorrelated and fully correlated phase flip channels,
analytical expressions of C˜re(ρ) can be obtained as
C˜re(ρ) =

1 − H2(p) for µ = 0,
1 − 1
N
H2(p) for µ = 1,
(9)
with H2(·) being the binary Shannon entropy. C˜re(ρ) decreases
monotonically when p increases from 0 to 0.5, see Fig. 2(a)
and (d). For µ = 0, C˜re(ρ) is independent of the number N of
qubits, while for µ = 1, it increases with the increase of N and
approaches asymptotically to its maximum 1 when N → ∞.
This is a surprising phenomenon. It indicates that the relative
entropy of coherence for a system with large number of qubits
has an intrinsic rigidity against the fully correlated phase flip
channel. This phenomenon is also in big contrast to that of the
l1 norm of coherence, as apart from the trivial cases p = 0 and
1, the latter can only approaches to a finite value other than
the maximum 1 in the limit of N → ∞.
For 0 < µ < 1, a further analysis shows that C˜re(ρ) exhibits
a linear dependence on 1/N. To be explicit, we have
C˜re(ρ) = 1 − H2(p) + kH2(p)
(
1 − 1
N
)
, (10)
and the factor k can be evaluated analytically as
k =
∑
n ǫn log2 ǫn + 2H2(p)
H2(p)
. (11)
where ǫ1,2 = p(1 − p)(1 − µ), ǫ3 = p(p + µ − pµ), and ǫ4 =
(1 − p)(1 − p + pµ) are the eigenvalues of E(|Ψ2〉).
From Eq. (10) one can verify directly that the p dependence
of C˜re(ρ) is qualitatively the same to that of µ = 1. That is, it
decreases monotonically when p increases from 0 to 0.5, see
the exemplified plots displayed in Fig. 2(b) and (c). More-
over, C˜re(ρ) increases monotonically with the increase of µ,
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FIG. 3: The p and µ dependence of CN→∞re (ρ) for the input state |ΨN〉
and the correlated phase flip channel.
i.e., the decay of the relative entropy of coherence can be sup-
pressed evidently by the classical correlations arising from the
consecutive applications of the phase flip channel.
From Eq. (10) one can also see that C˜re(ρ) always increases
with the increasing qubit number N. This is an important fea-
ture different from that exhibited by the l1 norm of coherence.
It shows again that the relative entropy of coherencewith large
number of qubits is more robust than that with small number
of qubits, and reflects from one aspect the difference between
these two measures of coherence [45]. When N → ∞, C˜re(ρ)
approaches to its asymptotic value CN→∞re (ρ). This asymptotic
value increases from 1 − H2(p) to its maximum 1 when µ in-
creases from 0 to 1 (see Fig. 3). More importantly, CN→∞re (ρ)
is finite apart from the very special point (µ, p) = (0, 0.5). This
further confirms our finding that the relative entropy of coher-
ence for a system with large number of qubits has an intrinsic
rigidity against the correlated phase flip channel.
Before ending this section, we give a short comment of the
facts that when N → ∞, C˜l1 (ρ) → (1+|1−2p|)/2 and C˜re(ρ) →
1 for µ = 1, while C˜l1(ρ) → 0 and C˜re(ρ) → 1+(k−1)H2(p) for
0 < µ < 1. At first glance, it seems to be contradictory, as any
coherence measure vanishes for incoherent states and takes its
maximum for maximally coherent states. But in fact there is
no such a contradiction. This is because C˜re(ρ) → 1 indicates
Cre(ρ) is infinitely close to its maximum N, while the output
state ρ is still not maximally coherent. Similarly, C˜l1 (ρ) → 0
indicates Cl1 (ρ) is far less than its maximum 2
N − 1, while the
output state ρ still maintains partial coherence.
B. Bit flip, bit-phase flip, and depolarizing channels
For these types of noisy channels, the considered coherence
can be obtained directly based on the results for the correlated
phase flip channel. We list them as follows:
(i) For the correlated bit flip channel, it is direct to obtain
that |ΨN〉 is an eigenstate of σ⊗N1 and, therefore, the N qubits
will pass undisturbed through this channel. As a consequence,
the quantum coherence will frozen forever.
(ii) For the correlated bit-phase flip channel, asσ2 = iσ1σ3,
the behaviors of coherence for the N qubits will be completely
the same to that of the N qubits passing through the correlated
phase flip channel.
(iii) For the correlated depolarizing channel, both C˜l1 (ρ) and
C˜re(ρ) can be obtained directly by substituting the parameter p
in the expressions of C˜l1(ρ) and C˜re(ρ) for the phase flip chan-
nel to 2p/3, so their dynamical behaviors are qualitatively the
same to that of the phase flip channel.
IV. TOTAL CORRELATION GAIN AND UNLOCALIZED
QUANTUM COHERENCE
In this section, we investigate the interplay between coher-
ence of the N-qubit system and its correlation created by the
correlated channel. It has been shown that unlocalized coher-
ence, i.e., the coherence of a multipartite system subtract the
coherence localized in each of its subsystem, captures a kind
of correlation [46, 47]. For the input state |ΨN〉, there is no any
correlation in it at the initial time. For µ = 0, from Eq. (9) one
can obtain Cre(ρ) =
∑
i Cre(ρi), with ρi being the reduced den-
sity operator of the ith qubit. Thus there is no correlation to
be created in the N-qubit system when the phase flip channel
is uncorrelated. But if µ > 0, the consecutive applications of
the channel turn to be classically correlated and its correlation
may be transferred to the N-qubit system. For example, when
µ = 1 the unlocalized quantum coherence can be calculated as
C
uqc
re (ρ) = Cre(ρ) −
∑
i
Cre(ρi) = (N − 1)H2(p), (12)
and it is direct to show thatC
uqc
re (ρ) equals the quantummutual
information I(ρ) =
∑
i S (ρi) − S (ρ), which characterizes the
total correlation contained in a system [48].
In effect, for the input state |ΨN〉 and the four channels con-
sidered here, we always have S (∆(ρ)) = N and S (∆(ρi)) = 1
(∀ i), irrespective of the value of µ. SoCuqcre (ρ) = I(ρ), namely,
C
uqc
re (ρ) equals the total correlation gain of the N qubits after
they passing through the correlated channel. One can further
show that C
uqc
re (ρ) is an increasing function of µ. As µ quanti-
fies the amount of classical correlation in the implementation
of the channel [43], this result implies that the more classical
correlation there is in the correlated channel, the more corre-
lation will be transferred to the N-qubit system.
Moreover, if one concentrates only on the correlated phase
flip channel, then for anymultiqubit input state ρ0, its diagonal
part will remains unaffected. So one can obtain
C
uqc
re (ρ) − Cuqcre (ρ0) = I(ρ) − I(ρ0). (13)
It indicates that the change of the unlocalized quantum coher-
ence for the multiqubit system equals its total correlation gain.
To be explicit, there are correlations created by the correlated
channel in the multiqubit system only when I(ρ) > I(ρ0).
V. CONCLUSION
In conclusion, we have explored decoherence process of N
qubits when they pass through a correlated noisy channel. We
5used two coherence measures, i.e., the normalized l1 norm of
coherence and relative entropy of coherence, and considered
four common noise sources: phase flip, bit flip, bit-phase flip,
and depolarizing channels. Based on these, we analyzed in de-
tail effects of the consecutive applications of the noisy channel
on decoherence of the N-qubit system that is prepared initially
in the maximally coherent state.
We observed here two distinctive phenomenawhich may be
exploited for preserving coherence of a N-qubit system. First,
both the decay of the l1 norm of coherence and the relative en-
tropy of coherence were suppressed if the consecutive actions
of the channel has some correlations. Second, the two coher-
ence measures show different dependence on qubit number N
of the system. The l1 norm of coherence does not behave as a
monotonic function of N, and apart from the situation that the
channel is fully correlated, its value will becomes infinitesimal
when N → ∞. However, the relative entropy of coherence be-
comes more and more robust with the increase of N, and even
when N approaches infinite, it still maintains a considerable
value. This indicates that the relative entropy of coherence for
a system with large number of qubits has an intrinsic rigidity
against detrimental effects of the channel.
To give an explanation for the delayed decoherence, we fur-
ther explored the interplay between the unlocalized quantum
coherence and the correlation gain of the N qubits. The re-
sults show that for the input maximally coherent state and the
four sources of noise considered here, the change of the unlo-
calized quantum coherence for the N qubits equals their total
correlation gain. Moreover, for the correlated phase flip chan-
nel, the change of the unlocalized quantum coherence equals
the total correlation gain for arbitrary N-qubit input state. This
implies that the delayed decay of coherence may be caused by
the inflow of correlations from the channel to the system.
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